
E4718 Spring 2008: Derman: Lecture 4:More on The Smile: Arbitrage Bounds, Valuation Problems, Models Page 1 of 21
C
op

yr
ig

ht
 E

m
an

ue
l D

er
m

an
 2

00
8

Lecture 4: 
More on The Smile: Arbitrage Bounds, 

Valuation Problems, Models

Recapitulation of Lecture 3:

Transactions Costs

Hedge more frequently: replicate better, greater cost.
Hedge less frequently: replicate worse, less cost.

No transactions cost: , converges to zero.

Regular rehedging: , diverges.

Some characteristics of the equity index implied volatility smile
 • Volatilities are steepest for small expirations as a function of strike, shal-

lower for longer expirations.

• The minimum volatility as a function of strike occurs near the at-the-
money strikes.

• Low strike volatilities are usually higher than at-the-money volatilities, but 
high strike volatilities can also rise above at-the-money levels.

• The term structure is upward sloping but can change depending on views 
of the future. After large sudden market declines, the term structure may 
slope downwards, reflecting an expectation of diminishing future realized 
volatility, and the implied volatility of high-strike options may temporarily 
rise above at-may levels, indicating an expectation of a market recovery.

• The volatility of implied volatility is greatest for short maturities, as it is 
with Treasury rates.

• There is a negative correlation between changes in implied at-the-money 
volatility and changes in the underlying asset itself. [Fengler:  
for three-month options on DAX in the late 1990s.]

• Implied volatility, like interest rates, is a parameter in a valuation model, 
and appears to be mean reverting with a life of about 60 days.

• Implied volatility tends to rise fast and decline slowly. Index markets tend 
to rise slowly and fall fast.

hedging error Δt0.5( )∼

hedging error Δt 0.5–( )∼

ρ 0.32–=
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• Shocks across the implied volatility surface are highly correlated. There are 
a small number of principal components or driving factors. The surface has 
three main modes of movement: changes in overall level, changes in term 
structure, and changes in the skew, especially short term. We’ll study these 
effects more closely later in the course.

• Implied volatility is usually greater than recent historical volatility.

Equity index smiles tend to be skewed to the downside. The large painful move 
for an index is a downward move, and needs the most protection. Upward 
moves hurt almost no-one. An option on index vs. cash is very different and 
much more asymmetric than an option on JPY vs. USD. 

Single-stock smiles tend to be more symmetric than index smiles, since single 
stock prices can move dramatically up or down.

Interest-rate or swaption volatility, which we will not consider much in this 
course, tend to be more skewed and less symmetric, with higher implied vola-
tilities corresponding to lower interest rate strikes. This can be partially under-
stood by the tendency of interest rates to move normally rather than 
lognormally as rates get low (the Federal Reserve Banks makes more or less 
constant basis-point changes in interest rates), as well as the need of some 
investors to buy protection against low rates.

One must be very careful in speaking about volatility because there are so 
many different kinds: realized volatility σ, at-the-money volatility, implied 
volatility for a definite strike, , and at-the-money implied 
volatility . When you talk about the change in volatility, 
which volatility are you referring to? 

One often-used measure of the skew is a risk reversal, the difference in volatil-
ity between an out-of-the-money call option with a 25% Δ and an out-of-the-
money put with a –25% Δ.

The dominant problems caused by the smile and its conflict with the Black-
Scholes model are the hedging of standard options and the valuation and hedg-
ing of exotic options.

This Lecture:

Parametrizing options prices: delta, strike and their relationship 
Estimating the effects of the smile on delta and on exotic options 
Reasons for the existence of a smile 
No-riskless-arbitrage bounds on the size of the smile 
Fitting the smile 

Σ Σ S t K T,;,( )=
Σatm Σ S t S T,;,( )=
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4.1    How to Graph the Smile
We observe implied volatility as a function of strike at a given time t0 when the 
stock or index is at S0; that is we are given only the snapshot Σ(S0,t0, K,T). Our 
problem is similar to that of yield curve modeling: you see the yield curve at 
one instant and wonder what will happen to it later. Similarly, if we are inter-
ested in volatility, what we would like to know is its dynamic behavior as a 
function of S and t, namely Σ(S,t;K,T), assuming implicitly that the Black-
Scholes  is the customary (and appropriate?) way to indicate value.

We can plot Σ( ) against strike K, moneyness K/S, forward moneyness K/SF , 

, or even more generally against Δ = N(d1), which depends 
on stock price, strike, time to expiration and implied volatility, the function we 
are plotting, itself.

Traders usually like to plot the smile against Δ because they believe that the 
shape of the smile changes less with time and stock price level when expressed 
in that functional form. There are some other good practical reasons for prefer-
ence too:

• Plotting implied volatilities against  immediately indicates the hedge for 
an option at that strike.

• Since Δ depends on both strike and expiration, you can compare the 
implied volatilities of differing expirations and strikes as a function of sin-
gle variable.

• Finally, Δ is approximately equal to the risk-neutral probability N(d2) that a 
standard option will expire in the money –  is roughly the number of 
standard deviations the stock price must move to expire in the money – and 
therefore seems to be a sensible measure of moneyness. Plotting implied 
volatilities against  embodies the notion that what matters for an option’s 
price is how likely it is to move into the money from its current value.

Using the wrong quoting convention can distort the simplicity of the underly-
ing dynamics. Perhaps the Black-Scholes model uses the wrong dynamics for 
stocks and therefore the smile looks peculiar in that quoting convention. That’s 
the underlying hope behind advanced models of the smile.

An example is the case of a stock price that undergoes arithmetic (rather than 
geometric) Brownian motion. A constant arithmetic volatility then corresponds 
to a variable lognormal volatility that varies inversely with the level of the 
stock price. Plotting lognormal volatility against stock price would obscure the 
simplicity of the underlying evolution.

Σ

K SF⁄ln( ) σ τ( )⁄

Δ

d2

Δ
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4.2    Δ and the Smile

4.2.1   The meaning of delta
Suppose that 

 

where .

Then

  Eq.4.1

where Z(0, 1) is a normally distributed random variable with mean 0 and stan-
dard deviation 1.

The risk-neutral ( ) probability of  is  given by

For small  this is approximately equal to  or the delta of a call, 
which is therefore approximately the risk-neutral probability of the option fin-
ishing in the money at expiration.

dS
S------ μdt σdZ+=

d S( )ln μ σ2

2------–⎝ ⎠
⎛ ⎞ dt σdZ+=

dZ2 dt=

St
S0
-----ln μ σ2

2------–⎝ ⎠
⎛ ⎞ t σ tZ 0 1,( )+=

μ r= St K> P St K>( )

P Stln Kln>( ) P
St
S0
-----ln K

S0
-----ln>⎝ ⎠

⎛ ⎞=

P μ σ2

2------–⎝ ⎠
⎛ ⎞ t σ tZ+ K

S0
-----ln>=

P Z
K S0⁄ln μ σ2

2------–⎝ ⎠
⎛ ⎞ t–

σ t
------------------------------------------------>=

P Z d2–>[ ] P Z d2<[ ]= =

N d2( )=

σ t N d1( )
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4.3    The Relationship between Δ and Strike
The most popular and liquid option is an at-the-money option, with Δ ∼ 0.5. 
Why? On the day it’s sold it’s a bet that could go either way, with roughly 
equal odds, and therefore attractive and relevant to speculating on or hedging 
the current positions in the stock. Far out-of-the-money options are also popu-
lar for buyers, because they’re like cheap lottery tickets with small probabili-
ties of success. Trading desks don’t like to sell them; they are subsequently 
illiquid because they have a small (and hard to estimate) probability of expir-
ing in the money. They embody tail risk which is very difficult to price. 

A standard measure of the skew is the difference in volatility between an out-
of-the-money call option with a 25% Δ and an out-of-the-money put with a 
–25% Δ. This trade – long the call and short the put at these deltas – is called a 
risk reversal.

What’s the relation between the strike or moneyness of an option and its delta? 
Traders think about moneyness rather than strike, because moneyness mea-
sures the strike relative to where spot is today, which is what matters when you 
are trading. What percentage of moneyness corresponds to a given Δ? It’s con-
venient to measure moneyness in units of standard deviation of the log return 
for the relevant expiration.

For simplicity set r = 0. Then  where

At the money, K = S and , assumed small, so that

So, at the money,

C SN d1( ) KN d2( )–=

d1

S
K----

ln

Σ τ
---------- Σ τ

2----------+=

d1 0.5Σ T=

Δ N d1( ) 1
2π

---------- y2

2-----–⎝ ⎠
⎛ ⎞exp yd

∞–

d1

∫= =

y2

2-----–⎝ ⎠
⎛ ⎞exp yd

∞–

0

∫
y2

2-----–⎝ ⎠
⎛ ⎞exp yd

0

d1

∫+=

1
2---

d1

2π
----------+≈

Δ 1
2---

Σ τ
2 2π
--------------+=
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As an example, for a typical annual volatility of 0.2 (20%) and an expiration of 
one year, we have . (Check for yourself on a Black-
Scholes calculator that this is approximately the correct delta for an at-the-
money option at this volatility.)

Now suppose we move slightly out of the money, so that  where 

 is small. Then  and so

 

where J is the fractional move in the strike away from the money, and  is 
the square root of the variance over the life of the option. 

Then for a slightly out-of-the-money option, a fraction J away from the at-the-
money level,

Let’s look at a real example. Suppose J = 0.01, a 1% move away from the at-
the-money. And also assume T = 1 year and Σ = 0.2.

Then 

Thus, Δ decreases by two basis points for every 1% that the strike moves out of 
the money for a one-year 20%-volatility call option.

The difference between a 50-delta and a 25-delta option therefore corresponds 
to about a 12% or 13% move in the strike price. 

The move J to higher index levels necessary to decrease the delta of an ini-
tially at-the-money call by 0.29 from 0.54 to 0.25 is approximately given by 

 or 

Thus the strike of the 25-delta call is about 115. Actually it’s about 117 if you 
use the exact Black-Scholes formula to compute deltas.

Δ 0.5 0.04+≈ 0.54=

K S δS+=

δS S
S δS+---------------⎝ ⎠

⎛ ⎞ln 1 δS S⁄+( )ln– δS
S------–≈=

d1
δS( ) S⁄
Σ τ

------------------– Σ τ
2----------+≈ J

Σ τ
----------– Σ τ

2----------+=

Σ τ
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d1

2π
----------+ 1
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1
2π

---------- Σ τ
2---------- J

Σ τ
----------–⎝ ⎠

⎛ ⎞+≈ ≈

Δ 0.54 0.4( ) 0.01( )
0.2----------------------------–≈ 0.54 0.02– 0.52= =

1
2π

---------- J
Σ τ
---------- 0.29≈ J 0.29 2πΣ τ 0.29 2.5 0.2×× 0.15≈ ≈=
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More generally, the change in the Δ of a call for a change in J is approximately 
given by

and a one-basis point change in  corresponds to a change in J of about 

.

The key variable here is the fractional shift J divided by the square root of the 
annual variance. For a greater volatility or time to expiration, the distribution 
of the stock is broader, and you need a bigger move in the strike to get to the 
same Δ.

Example for a 1-month call with zero interest rates, 20% volatility

1
2π

---------- J
Σ τ
----------–⎝ ⎠

⎛ ⎞

Δ

0.025Σ τ

Delta

Strike

Delta decreases by 0.069 as
strike increases by 1%
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4.4    No-Arbitrage Bounds on the Smile
You should think of  as the parameter that determines options prices via the 
model, in the same way as you think of yield to maturity as the parameter that 
determines quoted bond prices. 

There are no-arbitrage bounds on bond yields. For example, consider zero cou-
pon bonds of maturity T whose price is given by . Nos 

suppose  and .Then you can create a portfolio long the one 

year and short the two year, , for zero cost. After one year the 

long position is worth more than $100, so if you wait for  to mature and pay 
off the face value you have a riskless profit. The necessary absence of riskless 
profits puts constraints on the yields. 

There are similarly constraints on the prices of options which lead to subse-
quent constraints on the smile.

4.4.1   Some of the Merton Inequalities for Strike

Assume zero dividends, European calls.

1.

Proof: A forward F is worth S – K at expiration, and therefore, assuming 

zero dividends and a riskless rate r, it worth  now. An option 
is always worth more than a forward, because it has the same payoff when 

, and is worth more when .

Diagrammatically:

Σ

BT 100 yTT–( )exp=

B1 90= B2 91=

π 91
90------B1 B2–=

B2

C S Ke r T t–( )––≥

S Ke r T t–( )––

ST K> ST K<

payoff

SK

call option, strike K, is worth

forward, delivery K

 the same delivery price
more than a forward with
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2. For the same expiration, options prices satisfy two constraints on their 
derivatives:

 and , 

Proof: Look at payoff of a call spread and a butterfly.

The values of these portfolios are always positive, since they have positive 
payoff, and are respectively proportional to the first and second derivatives 
of the call price w/r/t strike in the limit as the . Therefore these 
derivatives must be positive, for actual call prices, independent of a model.

There are similar constraints on European put prices:

 and 

K∂
∂C 0<

K2

2

∂

∂ C 0>

payoff

SK K+dK

C(K) - C(K+dK) > 0
C(K-dK) - 2 C(K) + C(K+dK) > 0

K-dK K K+dK

call spread butterfly

dK 0→

K∂
∂P 0>

K2

2

∂

∂ P 0>
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4.4.2   Inequalities for the slope of the smile
The constraints on  and  put limits on the slope of the smile. 

These constraint are true in the Black-Scholes formula with strike-independent 
volatility. Now suppose you parameterize actual market call and put prices in 
terms of the Black-Scholes formula, and so allow the implied volatility to vary 
with strike (and expiration). Then, if volatility were to increase (decrease) with 
strike level in the Black-Scholes formula, a too rapid increase (decrease) in 
volatility could offset the natural decrease (increase) with strike for a call (put) 
and so cause the call (put) price actually increase (decrease) with strike level. 
These limits on call- and put-price slopes sets respective limits on the positive 
and negative slope of the skew, as illustrated schematically below for call and 
put prices at some fixed index level S.

Now let’s develop this idea more quantitatively.

  Eq.4.2

Assume that volatility is small and strike price is at-the-money forward so that 

. Then ,  and , so that

K∂
∂C 0< K∂

∂P 0>

implied

strike

upper bound on implied volatility

lower bound on implied volatility

implied
from calls

from puts

volatility at
index level S

volatility

allowed range

C CBS S t K T r Σ, , , , ,( )=

K∂
∂C

K∂
∂CBS

Σ∂
∂CBS

K∂
∂Σ+ 0<=

Σ∂
∂CBS S τN' d1( ) Ke rτ– τN' d2( )≡=

K∂
∂Σ K∂

∂CBS

Σ∂
∂CBS
------------–≤

e rτ– N d2( )

Ke rτ– τN' d2( )
------------------------------------

N d2( )

K τN' d2( )
---------------------------= =

SF K= d2 0≈ N d2( ) 0.5≈ N' d2( ) 1
2π

----------≈
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  Eq.4.3

or

  Eq.4.4

Recall that annualized volatility is measured as volatility of returns per year, so 
that 20% volatility means Σ = 0.20 

For 1-month options, the bound is . Equivalently, the maximum 

amount that volatility can change for a 1% change in strike without violating 
the principle of riskless arbitrage is 4.3 percentage points. For comparison, the 
S&P skew slope for one-month options in the figure we showed earlier was 
0.001, or 1 volatility point for a 1% change in the strike, only a factor of 4 
below the arbitrage limit.

We can also examine the limits for asymptotically short and long expirations.

From Equation 4.2 we see that

When the strike is at-the-money forward, then as 

and so

as .

K∂
∂Σ π

2---
1

K τ
-----------≤

dΣ
dK------- 1.25( )

K τ
---------------≤

Kd
dΣ 0.0043<

K∂
∂Σ N d2( )

K τN' d2( )
---------------------------≤

τ 0→

d2
Σ τ

2----------– 0→ →

N d2( ) 1
2---→

N' d2( ) 1
2π

----------→

K∂
∂Σ o τ 1 2⁄–( )≤

τ 0→
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As the time to expiration , the slope can diverge no faster than .

S At the other extreme, as , , and therefore

as the time to expiration gets large. (To prove the line above we have made use 

of the asymptotic relation  as .)

Thus, the slope of the smile can decrease with time to expiration no more 

slowly than .

Reference: Arbitrage Bounds on the Implied Volatility Strike and Term Struc-
tures of European-Style Options. Hardy M. Hodges, Journal of Derivatives, 
Summer 1996, pp. 23-35.

τ 0→ o τ 1 2⁄–( )

τ ∞→ d2 ∞–→

K∂
∂Σ 1

K τ
-----------

N d2( )
N' d2( )
---------------≤ o 1

τ
------ 1

τ
------⎝ ⎠

⎛ ⎞ o 1
τ
---⎝ ⎠

⎛ ⎞∼ ∼

N d2( )( ) N' d2( )⁄ o τ 0.5–( )∼ τ ∞→

o τ 1–( )
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4.5    Problems Caused By The Smile
. The Black-Scholes model assumes constant volatility and cannot account for 

the pattern of options prices at a given time. It attributes a different underlying 
stock implied volatility to each option with a different strike, but that implied 
volatility is not really the volatility of the option; it is the volatility of the stock, 
and in the model, a stock must have one lognormal volatility of returns which 
cannot know about the option’s strike. There cannot be many GBM volatilities 
for the same stock.

Therefore, Black-Scholes is often simply being used as a quoting mechanism, 
rather than a valuation mechanism, similar to the way in which yield to matu-
rity is used in quoting rather than calculating bond or mortgage prices. 

What problems does this cause.

4.5.1   Fluctuations in the P&L from incorrect hedging of stan-
dard options

If we have the wrong model, then, even if liquid vanilla options prices are 
forced to be correct by calibrating the implied volatility parameter to the price, 
one is using the wrong model formula to obtain the right (market) price. There-
fore the derivatives of the formula are wrong and so are hedge ratios. The price 
should reflect the riskless hedging strategy, but it won’t.

How large a fluctuation in the P&L will be induced by using the wrong hedge 
ratio? Let’s make a rough estimate.

Using the chain rule,

  Eq.4.5

We make the following approximations and assumptions. At the money, the 
vega for the S&P 500 index assuming S ~ 1000 and T = 1 year is given by

We can plausibly estimate  on dimensional grounds by guessing that it is of 

order , so that

Δ
dCBS S t K T Σ, , , ,( )

dS--------------------------------------------- S∂
∂CBS

Σ∂
∂C

S∂
∂Σ+= =

Σ∂
∂C S T

2π
---------- 400∼ ∼

S∂
∂Σ

K∂
∂Σ
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cal order of the magnitude for the S&P 500 skew.

Then, the mismatch between the true Δ and the Black-Scholes Δ owing to the 
skew, using Equation 4.5, is approximately

For a not uncommon daily index move of 1%, or about 10 S&P 500 index 
points, we can compare the mismatch in the P&L from using the wrong delta to 
the incremental P&L expected in the Black-Scholes model with perfect hedg-
ing.

The mismatch in the P&L from being long or short 0.08 of a share when the 
index moves 10 points is about 0.8 index points.

The incremental P&L from the curvature in a position in a perfectly hedged at-
the-money one-year option in a Black-Scholes world with a not atypical vola-
tility of 0.2 when the index moves 10 points is of order 

The mismatch in Δ can cause a large distortion in the incremental P&L from 
hedging at each step.

4.5.2   Errors in the Valuation of Exotic Options

Even if the prices of standard calls and puts are known without the need for a 
model, the value of exotic options will be incorrect if we calibrate these stan-
dard options to the wrong model.

Look for example at a rather simple exotic European-style option V at time t 
which pays $1 if  at time T, and zero otherwise. This serves as insurance 
against a fixed loss above the strike K, but not against a proportional loss as in 
the case of a vanilla call. It is very hard to hedge this because the payoff oscil-
lates between 0 and 1. 

S∂
∂Σ

K∂
∂Σ 0.02

100---------- 0.0002∼ ∼ ∼

Δ S∂
∂CBS–

Σ∂
∂C

S∂
∂Σ 400 0.0002×∼ 0.08= =

Γ δS2

2--------× 1
SΣ T
--------------δS2

2-------- 1
200--------- 50( )∼ ∼ 0.25   points=

S K≥
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A graph of the payoff at expiration is shown below.

One can approximately replicate V with a call spread, a long position in a call 
with strike K and expiration T and a short position in a call with strike  
and the same expiration. In the limit as  the call spread’s payoff con-
verges to that of the exotic option.

The value of the call spread at stock price S and time to time t is

where  is the market price of the call quoted in Black-

Scholes terms, with  incorporating the dependence of implied volatility 
on K. The total derivative with respect to K includes the change of all variables 
with K, including that of the implied volatility.

We can estimate the current value  if we know how call 
prices vary with strike K:

For r = 0, Σ = 20%, T – t = 1 year, K = S = 1000, and a skew slope 0.0002,

K

V(S)

K + dK

(1/dK) call spreads

payoff

S

K dK+
dK 0→

CBS– S K, dK+ t T Σ K( ), , ,( ) CBS K S t T Σ K( ), , , ,( )+
dK------------------------------------------------------------------------------------------------------------------------------ Kd

d CBS S K t T Σ K( ), , , ,(–≈

CBS S K t T Σ K( ), , , ,( )

Σ K( )

V S K t T Σ K( ), , , ,( )

V S K t T, , ,( ) Kd
d CBS S K t T, , ,( )– K∂

∂CBS–
Σ∂

∂CBS
K∂

∂Σ×–= =

K∂
∂CBS– N d2( ) N Σ

2---–⎝ ⎠
⎛ ⎞ 1

2---
1
2π

----------Σ
2---– 0.46= = = =

Σ∂
∂CBS S T

2π
---------- 400∼ ∼
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The non-zero slope of the skew adds about 16% to the value of the option. This 
is a significant difference.

Why does the skew add to the value of the derivative V? Because it’s a call 
spread, and a negative skew means there is less volatility at higher strikes, and 
therefore “less risk-neutral probability” of the stock price moving upwards; 
therefore the second, higher leg of the call spread is worth less than when there 
is no skew.

How can we “fix” it or extend Black-Scholes to match the skew and allow us 
to calculate all these quantities correctly? What changes can we make? Or, 
how, as we did in the above example, can we tread carefully and so avoid our 
lack of knowledge about the right model and still get reasonable estimates of 
value? Those are the questions we will tackle later in the course.
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4.6    Some Behavioral Reasons for an Implied 
Volatility Skew 
Think of options trading as the trading of volatility or variance as an asset. 
Then there are a number of reasons you can think of that might cause a skew or 
smile.

• Knowledge of past behavior in options markets suggests a skew in options 
would be wise. (How much, though? What’s the fair value?) Out-of-the-
money puts provide crash protection cheaply, which may have driven up 
implied volatilities after 1987. Also, realized volatility will increase in a 
crash, therefore this is self-consistent. 

• Expectation of future changes in volatility naturally gives rise to a term 
structure.

• Expectation of changes in volatility as the market approaches certain sig-
nificant levels can give rise to skew structure. For example, investors’ per-
ception of support or resistance levels in currencies and interest rates 
suggests that realized volatility will decrease as those levels are 
approached.

• Expectation of an increase in the correlation between individual returns as 
the market drops can cause an increase in the volatility of the entire index. 
(Some volatility arbitrage dispersion strategies are based on this.)

• An aversion to downward market moves/jumps can produce negative skew. 
Dealers’ tend to be short options because they sell zero-cost collars (short 
otm call-long otm put) to investors who want protection against a decline. 
This fear of being short options in a crash can lead them to charge more to 
protect themselves against gamma losses and increases in volatility after a 
downward jump.
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4.7    An Overview of Smile-Consistent Models
We want to model the process that produces a smile. One consideration is 
whether to model the stochastic evolution of the underlying asset S and its real-
ized volatility, and then deduce the implicit form of the implied volatility sur-
face  produced by the model, or whether to directly model the 
dynamics of the parametric surface . Though the former is more 
common, the latter is also possible.

Modeling the stochastic evolution of the stock price and its volatility is more 
fundamental, and arbitrage violations are more easily avoidable. But it is diffi-
cult to figure out the process that accurately describes stock evolution. As I 
mentioned in the initial lecture, financial models are often better aimed at mod-
eling observable variables rather than dropping down several levels to model 
unobservable processes and then deducing the behavior of observables from 
them. We have to make the difficult choice between modeling implied volatil-
ity (a parameter in the Black-Scholes model that incorrectly describes options 
values) or dropping down a level and modeling instantaneous volatility, a 
quantity whose evolution we know little about. 

Traders think in terms of Black-Scholes implied volatility, which they observe 
as they make markets every day, so for them it is natural to describe the 
dynamics of . In addition, changes in implied volatility are rela-
tively easy to observe, so that a model of implied volatility can be calibrated 
without too much difficulty. But one has to be careful in modeling the stochas-
tic evolution of  directly, because changing  changes all options prices, and 
we do not want to violate the constraints imposed by no riskless arbitrage. 
Analogously, in the interest rate world (and most smile models are inspired by 
interest-rate models) you can’t just write down any stochastic process you like 
for moving the yield curve around because you might generate negative for-
ward rates which violate the no-arbitrage constraints on bond prices. One can 
develop Heath-Jarrow-Morton-style models for implied volatilities directly, 
and we’ll review these later in the course. In these lectures we will predomi-
nantly concentrate on more fundamental lower-level models of the stock price 
evolution.

One other comment: from the data we’ve seen on the smile so far: different 
markets have such different smiles that we should probably recognize that it is 
unlikely that one grand replacement for Black-Scholes will cover all smiles in 
all markets. What may well be important is choosing the right model for the 
right market.

Since Black-Scholes is inadequate, the most common models of the smile 
extend Black-Scholes to accommodate a wider range of asset evolution.

Σ S t K T, , ,( )
Σ S t K T, , ,( )

Σ S t K T, , ,( )

Σ Σ
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4.7.1   Local Volatility Models

Local volatility models were the earliest models of the smile. These models 
depart just enough from the Black-Scholes model to become consistent with 
the smile. 

In the Black-Scholes model the stock’s volatility  is a constant, independent 
of stock price and future time, and in consequence  is inde-
pendent of strike and expiration. 

In local volatility models, the stock’s realized volatility is allowed to vary 
deterministically as a function of future time t and the future (random) stock 
price S, so that it takes the functional form . This function is called the 
local volatility function, and leads to an implied volatility that can vary with 
strike and expiration. In these models the evolution of the stock price is given 
by

  Eq.4.6

Note that  is a deterministic function of a stochastic variable S, and so 
this is a stochastic volatility model, but of a limited kind.

Local volatility models are one-factor models – only the stock price is stochas-
tic – and so most of the standard Black-Scholes scheme of perfect replication 
in terms of the riskless bond and the stock still works; we can use risk-neutral 
valuation methods to obtain unique arbitrage-free option values in a similar 
way. This is very attractive from a theoretical point of view. But, is it the right 
model, or perhaps putting it better, for which asset is it the right model?

In using any model the first problem is that of calibration: how to choose 
 to match market values of . We’ll show later how this can 

be done in principle. But one must be careful: just because you can fit the dif-
fusive process of Equation 4.6 to match the smile doesn’t necessarily mean that 
the model is an accurate description. The right model is presumably the one 
that (most closely – this is imperfect finance, not almost perfect physics) 
matches the behavior of the underlying asset.

Nevertheless, right or wrong, there is lots to learn about local volatility models 
and we’re going to spend an appreciable amount of time on them later.

What might account for local volatility being a function ? One example 
is the so-called leverage effect for stocks which models the fact that if a com-
pany is leveraged, its volatility should increase as the stock price moves lower 
and closer to the level of debt. Here is a simplistic illustration:

σ
Σ S t K T, , ,( ) σ=

σ S t,( )

dS
S------ μ S t,( )dt σ S t,( )dZ+=

σ S t,( )

σ S t,( ) Σ S t K T, , ,( )

σ S t,( )
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So, stock volatility increases as stock price decreases.

Constant Elasticity of Variance (CEV) models, developed by Cox and Ross 
soon after the Black-Scholes model appeared, are the earliest local volatility 
models:

Here  corresponds to the usual lognormal case, and  to normal 
evolution. You need  to be negative and quite large in magnitude to account 
for the magnitude of the negatively sloped equity index skew.

The conceptual difference between these parametric models and local volatility 
models is that the CEV and leverage models are parametric models that have 
only a few parameters and cannot fit an arbitrary smile, whereas local volatility 
models are non-parametric, so that  must be numerically calibrated to 
the observed smile at time t.

4.7.2   Stochastic Volatility Models
One of the Black-Scholes assumptions that is certainly violated is the supposi-
tion that volatility is constant. In stochastic volatility models, the volatility or 
variance V of the stock itself is an independent random variable whose evolu-
tion is correlated with that of the stock price S.

If you are allowed to replicate options through dynamic trading only in the 
stock and the bond markets, and volatility itself is stochastic, then options mar-
kets are not complete and perfect replication of the option’s payoff isn’t possi-
ble. The principle of no riskless arbitrage will not lead to a unique price and 
you need to know the market price of risk or a utility function for risk and 
reward to price options; that’s not a preference-free method, and less reliable 

S A B          assets - liabilities–=
dA
A------- σdZ=

dS
S------

dA
S-------

AσdZ
S-------------- S B+( )

S-----------------σdZ= = =

σS σ 1 B S⁄+( )=

dS μ S t,( )dt σSβdZ+=

β 1= β 0=
β

σ S t,( )

dS μS S V t, ,( )dt σS S V t, ,( )dZt+=
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than either static or dynamic replication, and we’d like to avoid it here. (Of 
course, just because we prefer to avoid it from a theoretical point of view 
doesn’t mean that the market itself doesn’t operate that way.)

If you can trade options, and if you know (or rather assume that you know) the 
stochastic process for option prices or volatility as well as the stochastic pro-
cess stock prices, then you can hedge one option’s exposure to volatility with 
another option, you can derive an arbitrage-free formula for options values. 
But assuming that you know all this is, as Rebonato says, “a tall order.”

An additional objection to stochastic volatility models is that they assume that 
the correlation  is constant. In fact, correlations are stochastic too, with per-
haps a greater variance than volatility. Choosing  constant may be too 
extreme an assumption. 

But, you must start somewhere if you want to get anywhere. So, model we 
must. Later in the course we’ll study stochastic volatility models. 

4.7.3   Jump-Diffusion Models

Another element that Black-Scholes ignores is the discontinuous movement 
(a.k.a. jumps) of stock prices. Jump-diffusion models were first invented by 
Merton shortly after Black-Scholes. These models allow the stock to make an 
arbitrary number of jumps in addition to undergoing diffusion. 

With a finite number of jumps of known size in the model, one can replicate 
any payoff perfectly with by dynamic trading in a finite number of options, the 
stock and the bond, and so achieve risk-neutral pricing. But if there is an infi-
nite number of jumps of different sizes possible, then perfect replication is 
impossible, and though people use risk-neutral pricing, it’s not strictly correct.

4.7.4   A Plenitude of Other Models

There are many other smile models too, which we may discuss later: mixing 
models, variance gamma models, stochastic volatility models of other types, 
stochastic implied volatility models …

In practise, one has to see which model best describes the market one is work-
ing in. You could argue reasonably convincingly that in the real world there is 
indeed diffusion, jumps and stochastic volatility! Then, however, you have so 
many different ways of fitting the observed smile that the model is non-parsi-
monious and offers too many choices. In the end, you want to model the mar-
ket with reasonable (but not perfect) accuracy via a fairly simple model that 
captures most of the important behavior of the asset. A model is only a model, 
not the real thing.

ρ
ρ

2/24/08 smile-lecture4.fm



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


